The nonrelativistic variational calculation of a complete set of ro-vibrational states in the H + 2 molecular ion supported by the ground 1sσ adiabatic potential is presented. It includes both bound states and resonances located above the n = 1 threshold. In the latter case we also evaluate a predissociation width of a state wherever it is significant. Relativistic and radiative corrections are discussed and effective adiabatic potentials of these corrections are included as supplementary files.
I. INTRODUCTION
For many years it was thought that reliable calculations of energy levels of bound and quasi-bound states in the hydrogen molecular ion may be performed only within the adiabatic approximation with some nonadiabatic corrections [1] [2] [3] [4] [5] . In the latter work [5] Moss calculated 462 ro-vibrational states of 481 states supported by the ground electronic potential curve using adiabatic approximation with a transformed Hamiltonian and an artificial-channels scattering method.
In the past two decades methods to compute the energy-level structure of H + 2 and HD + ions, which do not rely on the Born-Oppenheimer approximation, have been intensively developed [6] [7] [8] [9] [10] [11] . These are diverse ab initio approximations based on variational expansions of the nonrelativistic three-body wave function. Eventually, it has been shown that the ground state of H + 2 ion may be calculated with as much as 34 significant digits [12, 13] . Still there remains a common opinion that weakly bound (or high vibrational) states as well as high rotational states are hardly amenable for variational methods.
On the other hand, in experiment, the two quasi-bound states have been observed recently [14] , which were not accessible in the Moss calculations [5] . Along with these two states energies of a series of weakly bound and some low vibrational states have been measured by using the pulsed-field-ionization zero-kinetic-energy photoelectron spectroscopy [15] . This study paves a road for spectroscopy of a wide range of states in the H + 2 ion, where an amount of successful experiments is drastically smaller than for the HD + ion due to absence of the electric dipole moment in H + 2 allowing rotational-vibrational transitions. By our work we want to demonstrate that all the 481 levels that are supported by the ground electronic potential curve may be calculated variationally. More over we claim that for all the bound states we are able to receive the nonrelativistic binding energy with at least seven significant digits after the point (units are cm −1 ) and that for resonant states lying above the dissociation threshold a width (Γ) as well as the position energy (E r ) is obtained with high precision. Thus by using the ab initio variational method we have managed to cover the whole realm of existing states related to the 1sσ electronic adiabatic potential.
In what follows in calculations we adopt the CODATA14 [16] values for physical constants. Atomic units are used throughout.
II. METHOD
In our studies, the stationary states in the H + 2 molecular ion are determined by the non-relativistic Schrödinger equation for three particles:
Here M is a proton mass, R is the internuclear distance, r 1 and r 2 are the distances from nuclei 1 and 2 to the electron, respectively. The state Ψ 0 = |v N is characterized by the vibrational and rotational quantum numbers v, N , and E 0 is its energy.
A. Variational exponential expansion
Wave functions of rotational-vibrational states in the molecular hydrogen positive ion are approximated by the variational exponential expansion, which has been successfully exploited and developed by many authors and, in particular, in Ref. [8, 9] . More precisely, the wave function for a state with a total orbital angular momentum N and of a total spatial parity π = (−1) N is expanded as follows:
where Y l1,l2 N M (r 1 , r 2 ) are the solid bipolar harmonics defined as in Ref. [17] ,
and N is the total orbital angular momentum of a state. Complex parameters α k , β k , and γ k are generated in a quasirandom way [7, 8] :
where ⌊x⌋ designates the fractional part of x, p α and q α are some prime numbers, and [
] are real variational intervals, which need to be optimized. Parameters β k and γ k are obtained in a similar way. The use of complex exponents instead of real ones is dictated by the oscillatory behavior of the vibrational part of the wave function and, as it has been established empirically, essentially improves the convergence rate for the energy of a state. Other details of the method, such as the use of a multilayer structure to optimize the trial wave function, may be found in [9] .
Few words should be added related to a choice of the coordinate system. The two position vectors R and r 1 are taken as basis vectors for the angular part of expansion (2). That does not allow to use the apparent symmetry of permutation of two protons as identical particles or makes it too difficult to realize. On the other hand, summation over the angular part of the wave function in Eq. (2) converges very rapidly to an exact wave function with increase of l 2 , since this summation has close connection with the sum over the azimuthal quantum number m, see [8] . Generally it is enough to keep three components with l 2 = 0, 1, 2 in the expansion to provide the energy as accurate as 16 significant digits. For a large total orbital angular momentum, N , it gives very serious gain in computation time than the ability of explicit symmetrization of the wave function.
B. Resonances and the Complex Coordinate Rotation method
Beyond bound states in H + 2 we also consider states, which are above the n = 1 threshold and thus may dissociate by penetrating through the centrifugal potential barrier:
MR 2 . For this case we have to use some formalism, which may rigorously treats resonances. Such a tool for variational methods, that is most efficient and simple in a practical use, is the Complex Coordinate Rotation (CCR) method. We briefly describe it below.
The Coulomb Hamiltonian (1) is analytic under dilatation transformations
for real θ, or in other words may be expanded in a convergent power series of the dilatation parameter θ on some open interval, and thus can be analytically continued to the complex plane. Parameter d in Eq. (4) is a dimension of the coordinate space, say, for a single electron in a three-dimensional space: d = 3. The Complex-Coordinate Rotation method [18, 19] "rotates" the coordinates of the dynamical system (θ = iϕ), r ij → r ij e iϕ , where ϕ is the parameter of the complex rotation. Under this transformation the Hamiltonian (1) changes as a function of ϕ
where T and V are the kinetic energy and Coulomb potential operators. The continuum spectrum of H ϕ is rotated on the complex plane around branch points ("thresholds") to "uncover" resonant poles situated on the unphysical sheet of the Reimann surface in accordance with the Augilar-Balslev-Combes theorem [20] . The resonance energy is then determined by solving the complex eigenvalue problem for the "rotated" Hamiltonian The eigenfunction Ψ ϕ obtained from Eq. (6), is square-integrable and the corresponding complex eigenvalue E = E r − iΓ/2 defines the energy E r and the width of the resonance, Γ, the latter is being related to the Auger rate as λ A = Γ/h. The use of a finite set of N basis functions defined by (2) reduces the problem (6) to the generalized algebraic complex eigenvalue problem
where A = Ψ ϕ |H ϕ |Ψ ϕ is the finite N × N matrix of the Hamiltonian in this basis, and B is the matrix of overlap B = Ψ ϕ |Ψ ϕ . An example of practical calculation is given in Fig. 1 . The two rotational paths for a basis set of N max = 16 000 and N max = 20 000 are shown on the plot. A step in the rotational angle ϕ between two sequential calculations is constant and equal to ∆ϕ = 0.02. A point where the paths become stabilized determines a position of the resonance pole.
III. RESULTS
Main results of present work are summarized in two tables. In Table I the resonant states located above the dissociation threshold are given. Generally they are written in the form E r + iΓ/2, where E r is an energy position of the level above the threshold, while Γ determines a width of the state. Uncertainty is indicated for the resonance energy only, since the uncertainty for the real and imaginary part is the same in the CCR calculations. If the Table II . All the digits given for a binding energy of a particular state are significant. In fact precision obtained in the numerical calculations is somewhat higher and the numbers shown are taken by truncation of the numerical result to a fixed length.
A. Relativistic and radiative corrections
Consideration of the relativistic and radiative corrections is essential for comparison with experimental data. Still we intentionally do not present in our work extended sets of numerical results for these corrections, as it was done, say, in [5] . There are several reasons for that.
Generally, for precision spectroscopy aimed for determination of the fundamental constants or for precision tests of the quantum electrodynamics, the states with low v and low N are required. In this case the leading order relativistic [21, 22] and radiative [23] corrections are calculated and tabulated for a wide range of vibrational and rotational states. For higher order contributions of orders mα 6 , mα 7 , etc, the adiabatic Born-Oppenheimer (BO) approximation may be used [24] . To this end, results are presented as "effective" potentials [25, 26] , which then utilized for calculating of corrections as shown in [24] . Eventually, the theoretical frequencies for particular transitions are compared with precision spectroscopic measurements [27] [28] [29] [30] . So far such experiments have been performed with HD + molecular ion only, but even more precise experiments in H + 2 are coming [31] . In all these cases the hyperfine structure of the states and of experimentally observed spectral lines is of much importance [32, 33] .
For the case of high v and/or high N states precision of order 10 −11 is not required and adiabatic approximation may be used already for the leading order relativistic correction, which is determined by the Breit-Pauli (BP) Hamiltonian for a bound electron:
where H so BP and H ss BP are the electron spin-orbit and electron spin-proton spin interactions, respectively. The "effective" BO potential E BP (R) = α 2 H BP may be found in [34, 35] . Next step is evaluation of the radiative correction at order mα 5 , this can be done by using the "effective" potential of the leading order radiative correction for a bound electron of the form
Here β(R) is the Bethe logarithm of a bound electron, and its tabulated data for the two-center problem for a case which corresponds to H + 2 ion may be found in [26, 36] . For convenience we add to this paper Supplementary Materials [37] , which contain the data for the Breit-Pauli relativistic corrections and the nonrelativistic Bethe logarithm for a bound electron in the two-center problem. Beyond that for convenience we have included as well into the Supplementary Materials the Born-Oppenheimer electron energy potential, E el (R), and the adiabatic corrections, E ad (R).
B. Conclusion
In summary, we have computed nonrelativistic energies for all 481 ro-vibrational bound and quasi-bound states in the H + 2 molecular ion, which are supported by the adiabatic 1sσ potential curve. The calculations are the first ab initio non-adiabatic variational calculations, which allowed to get most accurate and complete data for precision spectroscopic studies of the hydrogen molecular ion (cation). We also provide necessary supplemental resources, which may be used to evaluate the relativistic and radiative corrections for individual states as well as for transitions.
